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Mo te  on^Ass Ignment  Pro bl ems 
Martin  Kneser 

•^  •      The   problem.      Let  A  =    (a.,  )    be   an  n  x  n  matr-ix  with 

nonneg^tive   elements.      The   problem  of   finding  a   permutation   s   of 

n_ 

the   mombers    ■J,2,...,n  wliich  ruinimlzes    the    sum  A(s)    =  V       a.       ,.^ 

i^      1 ,  s  i  i  j 

is  the  mathematical  content  of  the  assignment  problem  [1].   A 
method  for  the  practical  solutioxi  of  this  pr--oblem  for  lai-ge  n 
^^Ias  given  by  Flood  and  others  [2],      This  method  is  coxisiderably 
sim.pler  than  the  (practically  impossible)  determination  of  all 
nl  values  A(s).   It  depends  on  the  followinp;  two  remarks. 

(1)  The  minimal  permutations  s  of  the  matrix 

B  =  (a.,  -u.-v,  )  with  any  numbers  u.,  v,  are  the  same  as  for  A, 

n_       n_ 
because  E(s)  =  A(s)-c,  with  c   -  y      u.  ■)  y~  v,  independent  of  s, 

i^  ^   k=T  ^' 

(2)  If  a,   / . X  -  0  for  i  =  l,2,...,n,  then  s  is  a 
minimal  permutation. 

The  method  consists  ia  a  traiisf ormation  of  A  by  (1)  into  a 
m_atrix  to  which  (2)  applies.   As  a  proliminaiy  step,  we  may 
apply  (1)  with  u.  =  mln  a .  ,  v,  =0.   The  result  is  a  matrix 

1      ^  XK  ^ 

B  =  (t)^i,)  with  mln,  b.,  =0,  i  =  l,2,...,n.   By  a  second  applica- 

k 
tion  of  (1)  with  rows  and  columins  interchanf':ed ,  we  get  a  matrix 

C  =  (c.,^)  with  mill  c.,  =  min  c,  -  0,  i.e.  every  row  and  every 

column  of  0  contains  at  least  one  zero. 

Consider  now  the  set  of  zeros  in  the  matrix  C,  and  let  r  be 

the  m.inimum  number  of  lines  (by  'line'  we  mean  any  row  or  column) 

required  to  cover  all  these  zeros.   Let  i  €  I  -  <iT , . . . , i  > 

1       3 


I  •  '       ■' 


respectively,   k  £  K  =  <kn,...,k   >  be  the  indices  of  the  rox\'S 
respectively  columns  of  such  a  covering.   Application  of  (1) 
with 

u^  =  -v  =   min   c   -  c     if   i  £  I  ,  k  i   K   , 

^i  ^  "^k  ""  °  if  i  {^'  I  ,   k^-  K  , 

gives  a  new  matrix  D  -  ('-^-if)  with 

'c..  -  c     if  i    4   1,    k  i    K, 


^'''  ^  -''  °ik        if  I  t  I,  k  /  K   or  i  ^  I,  k  <:  K  , 
c.,  +  c    if  i  £  I,  k  e    K    . 


To  this  matrix,  we  may  apply  the  same  process,  etc.   If  a  matrix 
with  r  =  n  is  reached  this  way,  a  theorem  of  KBnlg  [3]  asserts 
the  existence  of  a  permutation  s  wuth  property  (2).   The  quostioti 
is,  whether  this  necessarily  happens.   Flood  [2]  did  not  prove 
this,  nor  give  an  estimate  for  the  number  N  of  steps  required. 
The  following  example  of  a  5x5  matrix  shows  that  N  may  be  arbi- 
trarily large  for  fixed  n. 

Let  a,b  be  two  positive  integers,  and 
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The  preliminary  step  is  unnecessary,  since  every  row  and  every 
column  contains  a  zero.   Our  process  with  I  =  FC  =  <1,2>  gives 
c  =  1  and 
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The  next  step  with  I  =  a  =  <1,3>  carries  D^^  ^   over  into 
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which  is  exactly  C^^^-^^  ■^_^.      Two  further  steps  lead  to  C^^^   ti-2' 
etc.,  until  after  N  -  2b  steps  we  get  C   ,  q,    to  which  (2) 
applies.   Since  b  is  arbitrary,  the  number  of  steps  may  be 
arbitrarily  large.   The  reason  for  this  is  that  there  are  soverall. 
possibilities  for  covering  the  zeros  of  G   ,  and  D  ,  with  four 
lines,  and  we  made  a  bad  choice.   It  is  the  purpose  of  the  next 
two  paragraphs  to  show  that  x<jith  a  proper  choice  of  these  cover- 
ings the  number  of  steps  is  always  finite  and  at  most 
■^(n-l)(n-2)  for  an  n  X  n  matrix. 


2.   Estimation  of  the  number  of  steps.   In  order  to  avoid 
the  possibility  of  the  given  example,  we  make  the  following 
assumption.   If  ssveral  coverings  of  the  zeros  in  the  matrix  C 
with  the  minimal  m.imber  r  -  r(C)  of  lines  are  possible,  we 
choose  one  with  the  least  possible  number  s  =  s(C)  of  rovjs .   Our 
estimation  now  depends  on  the  fact  that  either 

(i|a)  r(D)  >  r(C) 

or 

(Ij-b)         "        r(D)  =  r(C)    and   s{D)  >  s(C) 

holds.   Let  us  assume  this  for  a  moment.   Then,  since  C  and 
consequently  D  and  all  the  other  derived  matrices  have  at  least 
one  zero  in  ever:/  row  and  every  colu-nn,  the  value  of  r  is  always 
>  2,  and  s  cannot  be  C  or  r,  as  lon;j  as  r  <  n.   So  the  worst 
possible  case  corresponds  to  a  series  of  matrices  C,D,...  with 
values  (r,s)  equ'^.l  to  (2,1),  (3,1),  (3,2),  (Ij.,  1 ),...,( n-1, 1) , 
(n-1,2) , . . . , (n-l,n-2) ,  (n,l),  the  last  matrix  having  property 
(2)  for  some  per^nutation  s  by  ^<;Bnigs  theorem  [3],   Th' s  gives 
the  desired  estimate  2(n-l)(n-2)  for  the  nmnber  of  steps. 

^*   fr-oof  of  (q )  .   '-'e  distinguish  three  classes  of  zeros  in 
the  matrix  C.   First  the  c..,  ~    d   with  i  €  I,  k  ^Kj  second, 
those  with  i  ^  I,  k  £  K  and  third,  those  with  is  I,  k  e  K.   As 
all  zeros  are  covered  by  the  rows  with  index  1  t  I  and  the 
columns  with  index  k   K,  there  are  no   further  zeros  in  C .   By 
(3),  the  zeros  of  the  first  and  second  class  are  zeros  of  D  too. 


s 


But  there  is  n.t  le^st  one  further  element  d.,  =  0  in  D  vjith 

i  ^  I,  k  ^  K,  namely  for  a  pair  (i,k)  vjhere  the  minimum 

c  =   min   c,  occurs.   In  a  minimal  covering  of  the  zeros  of 

i£.I,k^K   '•■^ 
D,  X\'e  have  two  subclasses  of  lines:   those  which  contain  a  zero 

of  the  first  or  second  class  respectively.   These  classes  have 

no  line  in  common,  because  no  zero  of  the  first  class  is  on  a 

line  with  one  of  the  second  class.   Ihe  lines  of  the  first  class, 

together  with  the  r(C)-s(C)  columns  with  index  k  t  K  cover  all 

zeros  of  C.   So  there  are  at  least  s(C)  lines  in  the  fii^st  class, 

by  definition  of  r(C),  and  if  there  are  exactly  s(C),  these  must 

all  be  ro'vjs,  by  definition  of  s(C).   Similarly,  there  are  at 

least  r(C)-s(C)  liiies  in  the  second  class.   This  proves 

r(D)  >  r(C),  and  if  r(D)  =  r(C),  then  s(D)  >  s(C).   It  remains 

to  exclude  the  case  r(i))  =  r'(C),  s(D)  -  s(C).   Here  r(D)  =   r{Z) 

implies  that  every  line  of  the  covering  is  in  one  of  the  two 

classes,  and  that  the  first  class  consists  of  s(G)  rows.   As  a 

consequence  of  s(D)  =  s{C),  the  r(D)-3(D)  lines  of  the  second 

class  must  all  be  columns.   But  every  row  of  the  first  class  has 

an  index  i  c  I,  and  every  colum.n  of  the  second  class  an  index 

k  £  K,  and  so  cannot  cover  the  additional  zf:!ro  d.,  with  i  4.   I, 

ik        *^      ' 

Y  4-   K«   This  is  a  contradiction,  and  so  our  pi'oof  is  finished. 


i--":   J 
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